


June 2006, Math. 102 solutions

1. (a) Put x = tan-1~. Then tanx = 2/3, (lpt) so sinx = sin(tan-1(~)) =
2/ VI3 (lpt).

(b) Put y = In 2. Then eY = 2, e-Y = 1/2, (lpt) so coth y = :~~:=~= 5/3
(lpt).

2. (a) f(x) = tan(x) sec2(x). (lpt)

(b) f (7r/ 4) = f01f/4tan( t) sec2 (t )dt = [~tan2 X]~/4 = 1/2 (1.5pt)

(c) (f-1n~) = 1/f(7r/4) -=- 1/2. (1.5pt)

3. (a) Set I = ftanx~lxdx and put u = tan-1x,dv = dx/x2. Then v = -l/x and
I - 1 t -1 + f dx (1 t) N 1 - a + bx+c - 1 x (2 t)- -;: an x x(1+x2) p . OW, x(l+x2) -;: 1+x2 - ;: - 1+x2 p .

Thus I = -~ tan-1 x + In Ix/- ~ In(l + x2) + C (lpt).

(b) f lfidx = flnxd(2JX) = 2JXlnx - 2fx-1/2dx = 2JXlnx - 4JX. Our
integral becomes

limt~o+ f/(lnx/JX)dx = limhO+ (-4+4Vt-2Vtln t). Now, limhO+ Vtlnt =
1· In t1mt~0+ t-1/2

(L'H rule) = limhO+ _1~03/2 = O. Thus f~ lfidx = -42

(c) Set J = f 3xL~x+4 dx. Since 3x2 - 6x + 4 = 3[(x - 1)2 + ~], we put
u = x - l(lpt). Then J = 1 J u+l du = 1 J 2u du + 1 J ~(lpt)3 u2+~ 6 u2+t 3 u2+~

= t In[(x - 1)2 + ~] + 7s tan-1 [y'3(x - l)](lpt). Thus

J12?'Y'LXh'Y'+,1dx= [iln[(x-1)2+~]+ ~tan-1[V3(x-1)m = 1~2+3~(lpt).

4. dyjdx = ~;;~~and dy/dt = t(t + l)(t + 4)et, dxjdt = (t + 1)2et(lpt).

( ) Th d / - dy/dt _ t(t+4) --I-a us y dx - dx/dt - t+l' t r -1.

Now dx/dt = 0 ~ t = -1 and limh-l± dy/dx = limt~-l± t~t::) = =Foo.
Thus, the tangent is vertical only at t = -l(lpt).
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(b) !fJL = -.!i.(dy) = ;U-t+1 = t +2t+4 = 4 when t = O(lpt). Thus the curve is
dx2 dx dx ~~ (t+1I4pt

concave upwards(lpt).

5. We have dy/dx = 2v'i+x' so YV1 + (iy/dx)2 = y/1 + 4(x~1) = yl4x + 5(2pt).

Thus the surface area is 27rJ15yv1 + (dy/dx)2dx = 21f[i(4x+5)3/2]{ = 9~1f(2pt).

6 - 1 1311"/4. d - 1 1311"/41 . 2 d ( 1 t) N. x = if 11"/4X sm x x, y = if 11"/42 sm x x p . ow,

A = f:714 sin xdx = - cos XI;/~4 = V2(1/2pt),

f311"/4 . d [ . ]311"/4 11"(1 t)11"/4 X sm x x = - x cos x + sm x 11"/4= v'2 P ,

f311"/41 . 2 d 1 f311"/4( )d 1[ 1· 2 ]311"/4 1( / ) (j )11"/42sm x x = 4" 11"/4 1-cos2x x = 4" x-2sm x 11"/4= 4" 1+1f 2 1 2pt.

Thus x = 7r/2, f} = 4~(1 + 1f/2)(lpt).



7. Here r = 2(1 + cose), so )r2 + (dr/de)2 = )8(1 + cose) = jl6(COS2~) =
4cos ~(2pt).

This cardioid is traced out as e ranges from a to 21f, but as the curve is symmetric
about the polar axis, the length of the curve is 2 fa" 4 cos ~de = 16[sin~]g =
16(2pt).

8. The curve is at the origin when e = a and again when 3e = 1f. Thus a loop is
traced out as e ranges from a to 1f/3(lpt). Thus the area of the loop is

~ X;/3 sin23ede =(lpt) if;/3 (1 - cos 6e)de = He ~ i sin 6e];/3 = l~ (2pt).




